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In 2D systems there is no Complex Instability
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Effective potential 

takes care of fictitious forces

EJ, the Jacobi integral, is the rotating-frame analog of the 

total energy
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Ευστάθεια περιοδικών 
τροχιών (Hénon 1965)
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Henon's index

Characteristic equation:
λ2-(a+d)λ+1=0
α=1/2(a+d)

|α|<1 STABLE
|α|>1 UNSTABLE
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Ελλειπτικά σημεία

Υπερβολικά σημεία
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Χάος
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The role of periodic orbits
Order +Chaos (2D case)
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3D systems
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Φ=Miyamoto disk + Plummmer sphere + 3D Ferrers bar

4D space of section, i.c. (x,px,z,pz) in the plane y=0 with 
py>0
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Application in a 3D rotating 
galactic potential

• Miyamoto – Nagai (1975) A=3, B=1

• Plummer (1911) sphere, εs=0.4 kpc

• Ferrers bar, a:b:c = 

6:1.5:0.6
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Linear Stability

stability indices
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Simple instability

Double instability

Complex instability
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Complex instability and the x1v1 family

P.A. Patsis



The structure of phase space in 3D systems
visualization as in Patsis & Zachilas 1994 IJBC 

Stability: Katsanikas & P. 2011 Simple Instability: P & Katsanikas 2014
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Double Instability
P. & Zachilas 1994
IJBC 4, 1399



What do we know about the neighborhood of complex unstable periodic orbits? 

Contopoulos, Farantos, Papadaki, Polymilis 1994 Katsanikas, Patsis, Contopoulos

“confined torus” Pfenniger 1984



4/7/2022 27

Complex instability –
Katsanikas, Patsis, Contopoulos (2011, IJBC 21, 2321)
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Complex instability
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Complex instability – confined torus
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This natural-color photo was taken with the Hubble Space Telescope's Advanced Camera for Surveys on January 15, 2006

NGC 4710, α=12h 49m 38.9 , δ=+15° 9′ 56″ 
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N-body peanuts II

P.A. Patsis
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2 x 10^6 particles (DM, stars, gas, newborn stars)

s/s from GADGET3 N-body simulation 
(Patsis & Naab 2022 – in preparation)



NGC352 (Aristarchos telescope, Helmos, Greece)
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R filter. Patsis, Xilouris, Alikakos  
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N-body s/s (Athanassoula 2017)

4/7/2022 P.A. Patsis 34



4/7/2022 35

1. Where does the b/p start?
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Bifurcation of x1x1v1 & x1v1’
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2. Assessing the role of the families of p.o.

• x1, x1v1…(recall stability diagram)
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the “x1v1” scenario



What can we build with orbits close to Δ p.o. ?
PhyD 42933050 (2022)

• + T. Manos, H. Skokos, L. Chaves-Velasquez, I.Puerari



Orbits close to Δ p.o. in the first region. 
“10%” perturbations

GALI2 index:  Skokos, Bountis 
Antonopoulos 2007



Orbits close to Δ p.o. in the first region. 
“10%” perturbations in x



Orbits close to Δ p.o. in the SECOND region. 
S: JUST before the SΔ transition 

EJ=-0.26753617  
Δx=0.001x0(x1v1)



Orbits close to Δ p.o. in the SECOND region. 
Δ: JUST AFTER the SΔ transition 

EJ=-0.26743617  Δx=0.001x0(x1v1) and                         Δx=10^{-8} x0(x1v1)   

120
#

1800 
(1600) #



Orbits close to Δ p.o. in the SECOND region. 
Δ: CLOSE to the ΔS transition. The role of the 
ENVIRONMENT

EJ=-0.23283617  Δx=10^{-8}x0(x1v1)   

The same situation appears for smaller EJ (without spirals)



Orbits close to Δ p.o. in the SECOND region. 
Δ: JUST AFTER the ΔS transition.  

EJ=-0.23234  Δx=0.0015x0(x1v1)       and              
Δx=0.002x0(x1v1)  

600# and then 
chaos



PERLAS potential. Similar behavior

• The small Δ interval can be ignored

• In the large interval (e.g. EJ=-1208.228, Δx=0.001x0)…

67# in the middle
Large dynamical time 
scales



PERLAS potential. Similar behavior

S

S

Perturbed 10% in x

Clockwise rotation (x0 i.c. with x<0)

5Gyr



CONCLUSIONS

• In a SΔS transition there is a continuity in the evolution of the phase space in 
the immediate neighborhood of the periodic orbits: 

(S) shrinking of tori  (S) disky tori  (Δ) confined tori w. spirals 

(Δ) clouds w. spirals  (S) reverse evolution

• (this is the second example we are aware of, where the evolution of the phase space 
structure foretells an impending stability transition of a specific kind)
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Early q-p x1 orbits (P&K2014)

x1v1

x1v1

x1

Ej
-0.53 -0.45

-0.438666



CONCLUSIONS

• Δ does not define the phase space structure 

• The role of the close environment plays a significant role (even for trapping in sticky 
zones)

• Especially in PERLAS, a Δ region of x1v1 may rather increase locally the dispersion of 
velocities (weaken the spiral?) than destroy the pattern



MNRAS 509, 1995 (2022) 

Orbits in time dependent potentials (+Manos, Skokos)

P&K14



Ευχαριστώ!!


